Entanglement of a two-mode squeezed state in a phase-sensitive Gaussian environment 
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Some non-classical properties such as squeezing, sub-Poissonian photon statistics or oscillations in 
photon-number distributions may survive longer in a phase-sensitive environment than in a phase- 
insensitive environment. We examine if entanglement, which is an inter-mode non-classical feature, 
can also survive longer in a phase-sensitive environment. Differently from the single-mode case, 
we find that making the environment phase-sensitive does not aid in prolonging the inter-mode 
non-classical nature, i.e., entanglement. 
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I. INTRODUCTION 

There have been an increasing number of discussions 
on entanglement and its applications in the context of 
quantum information processing. In particular, because 
of convenient manipulation of lasers, entanglement for 
Gaussian continuous- variable states has been studied ex- 
tensively 0. 

A two-mode squeezed state is an entangled Gaussian 
continuous-variable state which becomes maximally en- 
tangled when it is infinitely squeezed. Once the pure two- 
mode squeezed state is embedded in an environment, en- 
tanglement is degraded. In this paper, we are interested 
in the dynamics of entanglement in an environment. In 
the vacuum environment, the two-mode squeezed state 
never becomes separable regardless of the initial degree 
of squeezing At non-zero temperature, entanglement 
is degraded faster and it is eventually lost [B ||, Q| . 

In quantum optics, correlated (phase-sensitive) reser- 
voirs [ 5| , sometimes called "rigged reservoirs" , based on 
the establishment of squeezed light have been studied 
extensively. It has been shown that the decay rate of 
quantum coherence for a single-mode field can be signif- 
icantly modified compared to the decay rate in an ordi- 
nary phase- insensitive thermal reservoir || 0| . Depend- 
ing on the phases of the quantum system and the corre- 
lated reservoir the decay rate of quantum coherence can 
be either enhanced or significantly suppressed. Suppres- 
sion of the decay rate of the quantum coherence leads 
to preservation of non-classical features such as squeez- 
ing, sub-Poissonicity and oscillations in photon number 
distribution JjJ. 

In this paper, we answer the question "Will the phase 
sensitivity of the environment preserve the entanglement 
nature of a two-mode squeezed state?" . Entanglement is 
due to inter-mode quantum coherence. Is there a possi- 
bility to keep the inter-mode quantum coherence as we 
squeeze the environment? To answer this question, we 
first find the dynamics of the two-mode squeezed state 
in a phase-sensitive environment in Section II. We then 
analyse the entanglement of this state using the entan- 
glement condition developed for Gaussian continuous- 
variable states H in Section III. The dynamics of en- 
tanglement are considered when one mode of the en- 



vironment is phase-sensitive while the other is phase- 
insensitive in Section IV. 



II. DYNAMICS OF TWO-MODE SQUEEZED 
STATE IN A GAUSSIAN ENVIRONMENT 

There is a one-to-one correspondence between the den- 
sity operator of a field and its Weyl characteristic func- 
tion. The use of characteristic functions and quasi- 
distribution functions |l(J allow the calculation of the 
expectation values of functions of the annihilation and 
creation operators. Characteristic functions and quasi- 
distribution functions are complete descriptions of a field 
as they contain all the information necessary to recon- 
struct the density matrix. There are a group of quasi- 
probability functions among which P, Q and Wigner 
functions are more frequently used |^] . 

The Weyl characteristic function, which is the inverse 
Fourier transform of the Wigner function, is defined for 
a two-mode field with its density operator p as 



CW(r,,0=Tr[pD(r,)D(0} 



(1) 



where D(rA = exp^a^— rj*a) is the Glauber displacement 
operator ]l0| . 

It has been found by one of us Jll| that the interaction 
of a field with a phase-sensitive environment can be mod- 
elled by the field passing through an array composed of 
an infinite number of beam splitters. The physical prop- 
erties of the environment are determined by the fields 
injected into unused ports of the beam splitters. Using 
this model, it has been found that the dynamic charac- 
teristic function C^ w ' (r], £, t) for the system interaction 
with the environment, is represented by 

0^ ( „ ) £ T) = cW (n? , re)C <W {tV: * f ) (2) 

where e denotes the environment and s the system, r is 
the normalised dimensionless time r = \J\ — exp(— yr), 
7 is the coupling between the environment and system, 
r is the interaction time and t = yl — r 2 . Kim and 
Imoto jy} rigorously proved for a single-mode field that 
this is a solution of the Fokker-Planck equation normally 
encountered in the problem of a system interacting with 



2 



a Gaussian environment. If the two-modes of the envi- 
ronment are independent of each other, which is what we 
are interested in in this paper, the characteristic function 
for the environment is the product of the characteristic 
functions for each environment: 



(W) 



(rO- 



(3) 



A two-mode squeezed state is defined as S a b(s c ) \0a0b) 
where the two-mode squeezing operator S a b(s c ) = 
exp(s c 6a — s c aW) and a and b are the field bosonic oper- 
ators Q . For simplicity, we have assumed the squeezing 
parameter s c real and positive. Using its definition (|l]), 
the Weyl characteristic function is found for the two- 
mode squeezed state: 



Cf^,0=exp 



"2 fa 0V(V J 



where V is the variance matrix 



V = 



-\<T, 



-Aer 2 



(4) 



(5) 



with /i = cosh2s c , A = sinh2s c and the Pauli spin matrix 
er z . Throughout the paper, a matrix is represented in 
bold face and an operator by a hat. 

In order to find the dynamic characteristic function 
C(rj, £, r) for the interaction with the phase-sensitive en- 
vironment, we use Eq.(^|) with C fi fa, £ ) for the squeezed 
thermal states of modes a and b pM. Here, the Weyl 
characteristic function for the squeezed thermal state of 

mode a is C<J%) - Tr[S(Cei)pthSKU)D(v)} where 
the single-mode squeezing operator S(() — exp[i(C*a 2 — 

C(a^) 2 ] and pth is the density operator for the thermal 
state of average photon number n. We keep the squeez- 
ing parameter £ e i = s e i exp(<^ e i) complex to find the 
optimum condition for the environment to maintain the 
entanglement of the system. After a little calculation, 
the Weyl characteristic function is found: 



exp 



1 



(r)i JJ r )R(?7i r] r ) J 



(6) 



where Tji and r\ r are imaginary and real parts of r\ and 
the single-mode variance matrix 



R 



a_ b 
b a + 



with a± = fi(cosh 2s el ± cos </> e i sinh 2s el ) and b = 
n sin <j) e i sinh2s e i with h = 2n + 1. The average exci- 
tation of the environment is 



< a) a >— rtcosh2s el 



sinh 2 



Sel- 



(7) 



When C e i = the phase-sensitive environment becomes a 
phase-insensitive thermal bath of average photon number 
n. Similarly, we can obtain (£) for the environment 



of mode b. Throughout the paper s e \ and s e 2 are taken 
positive without losing generality as <j) e i and <j) e 2 are not 
fixed. 

Substituting C^ } (v) and C^°(£) into Eq.(|), the dy- 
namic characteristic function is found: 



C( w )(r7,e,r)=exp 



(8) 



where V = t 2 V + r 2 R (g) 1. 



III. SEPARABILITY OF THE DYNAMIC FIELD 

Simon || found the sufficient and necessary condition 
for the separability of a Gaussian continuous-variable 
state. Simon found the condition based on the fact that 
the partial transpose of its density operator should be 
positive if a two- mode state is separable [12 . A two-mode 



Gaussian state is represented by its variance matrix 



A C 
C T B 



(9) 



where A, B and C are 2x2 matrices and Simon's sepa- 
rability condition becomes 

(detA - l)(detB - 1) + (|detC| - l) 2 - 1 

> Tr[Acr y Cer y Ber y C T (T y } (10) 

where <r y is the Pauli matrix. When the criterion is sat- 
isfied the system is separable. 

Assuming the two independent modes of the reservoir 
are prepared in the same condition, i.e. £ e i = Q e 2 = Ce, 
the variance matrix of the channel interacting with this 
environment is 



V 



/ii 2 l + r 2 R -Xt 2 cr z 
-\t 2 (T z /ii 2 l+r 2 R 



For this variance matrix, the left-hand side (LHS) of Si- 
mon's criterion ( [To| ) is 

[t 4 // 2 + r 4 h 2 + 2r 2 i 2 /zncosh2s e - if + (X 2 t 4 - l) 2 - 1, 

(11) 

which clearly shows that the LHS of the separability cri- 
terion is independent of the phase </> of the environment 
squeezing. On the other hand, the right-hand side (RHS) 
of the criterion is phase-dependent: 

2Xfj,t i (fit 2 + 2hr 2 cosh2s e ) 
+2AtVn 2 (cosh 2 2s e + cos 2</> e sinh 2 2s e ), (12) 

which is maximised when <p e = 0. In other words, the 
lifetime of entanglement is maximised for <p e = 0, which 
is the same squeezing angle as that for the two-mode 
squeezed state of the system (Recall s c has been taken 
positive real). 
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Now we want to examine the possibility that the en- 
tanglement of the two-mode squeezed state can survive 
longer by squeezing the environment. Before we do 
this, we find that the separability condition becomes ex- 
tremely simple when <f> e — as the following Lemma 
shows. 

Lemma 1. - If the block matrices A = B and C 
are diagonal, i.e., the quadrature matrix of a Gaussian 
continuous-variable state has the following form: 



V = 



(n x Ci 

n 2 c 2 

ci n\ 

V c 2 n 2 



(13) 



where n\ or n 2 may be smaller than the vacuum limit 1. 
The state is separable if and only if 



K-N)(n 2 -| C2 |)>l. 



(14) 



Proof — By local unitary squeezing operations, the 
matrix ([l3| ) is transformed into 



( n c 
n d 
c n 



(15) 



\0 



n 



where n — ^Jn\n 2 , c = c\yfn^Jri\ and d = c 2 \/n\jn 2 . 
The factor n is directly related to the uncertainty prin- 
ciple to satisfy n > 1. For the state with the quadrature 
matrix (|l5|), Simon's separability condition Q reads 

(n 2 - c 2 ){n 2 - d 2 ) > 2n 2 + 2\cc'\ - 1. (16) 

Define the mean and the difference of the correlation fac- 
tors, |c| and \d\: c m = (|c| + |c'|)/2 and c d = (|c| - \d\)/2. 
Using the new parameters c m and Cd, Simon's criterion 
( |l6| ) can be written as 

[(n - c m ) 2 - (1 + c 2 )][(n + c m ) 2 - (1 + c 2 )} > (17) 

where [(n + c m ) 2 — (1 + c 2 ,)] is positive unless n — 1 
and c = c' = when it becomes zero. The separability 
condition is satisfied if and only if 

(n - c m ) 2 - (1 + c 2) > o ^ (n - |c|)(n - \d\) > 1. (18) 

With use of the definitions of n, c and c' for the inequal- 
ity on the RHS of the arrow we obtain the separability 
condition in Eq. (|T^). 

When <j) e = we can use the separability condition 
( |l4| ) which leads to 

{t 2 e- 2s " + r 2 ne 2 ^)(i 2 e- 2s <= + r 2 ne- 2s =) > 1. (19) 

It is obvious that the LHS is minimised when s e = 
for fixed t, s c and n. We have proved that squeezing the 
environment does not help to keep the entanglement of 
the two-mode squeezed state longer. This is one of the 
main results of this paper. 



Entanglement, which is due to the inter-mode coher- 
ence, does not survive longer in the phase-sensitive than 
in the phase- insensitive environment. This result con- 
trasts to the single-mode case where quantum coherence 
may last longer in the phase-sensitive environment. A 
system always gains extra noise due to its interaction 
with an environment. For a phase-sensitive environment, 
the extra noise is reduced along one quadrature axis at 
the expense of expanding noise along its conjugate axis. 
The quantum coherence imposed in one quadrature can 
last longer by adding the reduced noise. In the vari- 
ance matrix (|l3"|), n\ and n 2 determine the quadrature 
variances for local states of modes a and b, and c and 
d show the inter-mode correlation [||, As the ini- 

tial two- mode squeezed state n\ = n 2 , interacts with an 
environment, n\ and n 2 grow. If we squeeze the environ- 
ment, the amounts of added noise become different and 
the LHS of Eq. ( |l4| ) gets larger. We have seen that be- 
cause the entanglement is due to both quadrature vari- 
ables, reducing the extra noise in one quadrature docs 
not lengthen its lifetime. In fact, we can interpret this 
using the Einstein-Podolsky-Rosen (EPR) argument (jl4| , 
which is related to entanglement. EPR argues that it is 
possible to infer values for two conjugate variables of par- 
ticle 2 from the measurement of their counter parts for 
particle 1 when the two particles are perfectly correlated. 
The EPR argument is clearly concerned with the product 
of uncertainties for conjugate quadratures which is in- 
creased more rapidly by interaction with phase-sensitive 
reservoirs. 



IV. DIFFERENT CONDITIONS FOR TWO 
ENVIRONMENT MODES 

We have so far considered the case where the two 
modes of the environment are in the same condition. By 
this restriction, the problem became simple and we could 
see the impact of squeezing the environment clearly. 
What happens if the two modes are under different con- 
ditions? This case was considered for phase-insensitive 
environments || I|. When the two modes of the envi- 
ronments are in different conditions, we are not able to 
use the separability condition (M) because the variance 
matrix is no longer in the form (|13|). 

The consideration of very general interaction with 
phase-sensitive environments is complicated so we still 
restrict ourselves to the case where 4> e \ — </> e2 = 0, 
n e i = n e 2 and normalised interaction times r% = r 2 . The 
dynamic characteristic function for the interaction of the 
system with the two environments with different squeez- 
ing is represented by the variance matrix 

(ni ci 

n 2 c 2 

ci mi 

c 2 m 2 
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where 



n 2 = t 2 [i + r 2 ne 2Sel 

m 2 = t 2 n + r 2 he 2s " 2 (20) 



rii = t 2 /.i + r 2 hc 2s " 
mi = t 2 [i + r 2 ne~ 2Sc 



and |ci| = \c2\ = At 2 . Simon's separability criterion (|l 
then becomes 

S = (t 4 \ 2 - l) 2 - t 4 X 2 (n imi + n 2 m 2 ) 

+{mn 2 - l)(mim 2 - 1) - 1 > 0. (21) 

If this inequality is violated the state in question is in- 
separable, i.e. entangled. Note that we still have n equal 
for the two modes of the environment. 

As a special case, we prove that when one mode of 
the entangled state decoheres into a phase-sensitive en- 
vironment and the other mode into a phase-insensitive 
environment, the lifetime of entanglement does not get 
lengthened compared to the case when both the modes 
decohere to phase-insensitive environments. We know 
that 8 in Eq.(|2l|) is a monotonously increasing function 
between < r < 1 as entanglement is not increased by 
interacting with environments. Thus our task is to show 



S(s el = s e2 = 0) < 8(s el ^ 0, s e2 = 0). 

By substituting Eq.(|o|) into Eq.(|l|), 

S(s el ^ 0, s e2 = 0) - S(s e i = s e2 = 0) 
= 4r 2 £ 2 nsinh 2 s e i[(/zmi — \ 2 t 2 )m 2 — [i] 



(22) 



(23) 



As 4r 2 t 2 n sinh 2 s e i > 0, E = (umj — \ 2 t 2 )m 2 — fx will 
determine the sign. Using Eq.(EQ), we find that 



E = {jin — l)(n — /i)r 4 + (/i 2 n — 2/i + n)r 2 



(24) 



It is straightforward to show that E is always positive 
between < r 2 < 1. We have thus proved Eq.(22) and 
shown that making one mode of the environment phase- 
sensitive does not prolong the lifetime of entanglement. 

In Figure |l| the contrast between a two-mode squeezed 
channel interacting with thermal environments and a 
two-mode squeezed channel interacting with an environ- 
ment one mode of which is phase-sensitive. The squeez- 
ing of the thermal environment results in a reduction of 
the coherent lifetime. 



V. REMARKS 

A quantum state decoheres as it interacts with an envi- 
ronment. We have investigated the possibility of keeping 
entanglement longer by squeezing the environment. We 
have found that squeezing the environment shortens the 
coherence lifetime of the system. Owing to the fact that 
entanglement is due to the quantum nature in both of 
the quadratures so that reducing added noise into one 
quadrature does not lengthen the lifetime because this 
action is done at the expense of stretching the added 
noise into the conjugate quadrature. 
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FIG. 1: Separability S versus normalised time r, where squeez- 
ing of the channel s c = 1 and the mean number of photons 
n = 1. The dashed line represents the evolution of the sep- 
arability in a thermal (phase-insensitive) environment where 
s e i = and s e 2 = 0. The solid line represents the evolution 
of the separability in an environment one mode of which is 
squeezed (phase-sensitive) with s e i = 0.5 and the other is 
phase-insensitive s e 2 = 0. The coherent lifetime of the sys- 
tem in the phase-sensitive environment is less than that of the 
system in the thermal environment. 



